Abstract: In this paper, we present new strategies to reduce anisotropy in transformation optics designs and compare them to other techniques. Perturbation functions are used to modify the original transformation to achieve a quasi-conformal map, resulting in a medium with isotropic properties. All strategies investigated have no effect on the original boundary conditions of the transformation, such that neither the initial design is affected nor are reflections at the boundaries introduced. The results show that there exists a clear compromise between the residual anisotropy and the required refractive index contrast in the optimized transformation, but the former can be made as small as desired when the degree of freedom provided by perturbation functions is increased, although it is never exactly zero.
Introduction
The Transformation Optics (TO) [1] - [5] technique has proved to be a powerful tool for the creation of new optical devices. Its power comes from the great freedom in designing electromagnetic functionalities by merely using coordinate system deformation, which is reflected in a deformation of the electromagnetic space and physically implemented through welldefined permittivity and permeability tensors. Thus, to make use of TO, one must describe the desired behavior of the light paths in terms of a coordinate transformation and calculate the required material parameters that provide functionality. This process, however, usually results in inhomogeneous and highly anisotropic materials requirements, which, in practice, are extremely hard to be achieved. To minimize this issue, researchers have proposed the use of quasi-conformal mappings [6] , [7] , which minimize the anisotropy in the original coordinate transformation.
The TO formalism is based on the invariance of Maxwell's equations over space-time coordinate transformations. In particular, for a spacial transformation with metric tensor "g," the transformed medium properties, i.e., " 0 is the electric permittivity, and 0 is the magnetic permeability, are given by [8] 
According to those expressions, the transformed medium will be isotropic only when the underlying coordinate transformation is conformal, i.e., a transformation for which the CauchyRiemann equations are satisfied [9] :
There are some methods to achieve quasi-conformal maps, which have reduced deviations in the Cauchy-Riemann equations (3) and (4), using non-linear optimization and minimization with sliding boundary conditions [7] , [10] , [11] . Practical devices with quasi-conformal mapping, such as: bends waveguides, expander, lenses and antennas can be seen in [10] - [20] .
In this paper, in order to reduce anisotropy, we use a parameterization technique to approximate quasi-conformal transformations. Polynomial and trigonometric inversions are proposed and these techniques are compared to the Least Squares Method (LSM) from [17] . The inversions can be used to achieve exact isotropy in a few sampling points of the transformed region. Besides, one could also employ the trigonometric series instead of the polynomial in the LSM. Additionally, it was verified that the required refractive index contrast to fabricate the final media increases with the desired level of anisotropy reduction. Two devices are designed, optimized and simulated to support our analysis.
Our general approach to minimize anisotropy in the transformation is to sample the original medium defining a set of points S and then apply the minimization technique at those points. To be able to modify the anisotropy, the original (anisotropic) transformation must include the necessary degrees of freedom allowing the minimization of error in (3) and (4). The transformation has been chosen to be written as
where x 0 and y 0 are the new coordinates, and f x and f y represent the original transformation. The necessary degrees of freedom for the minimization are included in P x and P y , which are perturbation functions written in finite series forms. The function b is a helper function that overrides the effect of the power series at the boundaries of the original transformation, i.e., bðx ; y Þ ¼ 0 on specific boundaries. The transformation value at these boundaries (original boundary conditions) determine the functionality of the TO device and should, most of the time, ensure minimal reflections between the device and the external media [10] , [21] , [22] . Therefore, it is desirable that the anisotropy minimization technique does not modify those boundaries conditions, leading to our definition of b.
The transformation shows no reflection at a given boundary if, and only if, it is continuous with the external coordinate system at that boundary [10] . However, this condition can only be exactly met by the identity transformation due to the uniqueness theorem [9] as discussed in [1] , [17] . It is possible, however, to minimize reflections by approximating the identity transformation close to the boundaries at the price of acceptable levels of anisotropy.
Combining the Jacobian of the transformation defined in (5) and (6) with the conditions imposed in (3) and (4), a linear system in the coefficients of the series P x and P y are obtained. If the same number of sampling points are used as coefficients in the series, the system can be readily inverted and a transformation is found, which is exactly isotropic at the sampling points.
However, residual anisotropy remains between those points, representing the non-conformity of the transformation and a possible source of performance degradation in the final device.
This technique does not allow direct control among the interpolated points, therefore it can still result in elevated anisotropy in specific locations. As indicated in [10] , the maximum anisotropy has greater importance in the device performance than its average anisotropy, and thus, it should be reduced. For that reason, a representation with smoother basis functions can be used for the series, such as sines and cosines. This choice is shown to indeed reduce the maximum anisotropy in the interpolated points with a numerical example in Section 2.
Additionally, it is also possible to over-specify the linear system by including a larger number of sampled points. In this case, it is possible to use the LSM to reduce the deviation in (3) and (4) using the error function
Details of the implementation of the LSM applied to TO can be found in [17] , where it is also demonstrated that the choice of S allows the reduction of the ratio between the maximum and the average anisotropy.
In this work, the results of both direct inversion methods (with polynomial and trigonometric series) and the LSM are compared, to show that the choice of smoother basis functions indeed improve the final design, but the use of the LSM is still more effective in reducing the maximum anisotropy even with a polynomial basis. To quantify the residual anisotropy in the transformed medium we use the measure [23] 
where, J is the Jacobian of the transformation and is its Beltrami coefficient defined by [23] ¼ @w ðz; zÞ @ z @w ðz; zÞ @z :
In 2-D transformations, the condition for achieving conformal mapping is to meet the CauchyRiemann equations. In 3-D transformations, according to Liouville's theorem [24] , only the Möbius transformations are conformal, which represent a hard limitation to achieve conformal mapping in 3-D. However, one could extend the polynomial inversion, trigonometric inversion, or LSM in order to approximate Möbius transformations in a similar way to what is presented here. Another solution that has been proposed for 3-D transformations is to simple extrude or revolve a 2-D refractive index profile [25] .
The waveguides designed using quasi-conformal transformation optics, with current techniques to obtain gradient refractive index [26] - [30] , adds another powerful tool to create waveguides circuits in Integrated Optics [31] . Furthermore, once the proposed strategies to reduce anisotropy meets the boundary conditions leading to continuous junctions, the waveguide circuit obtained with these strategies can be analyzed via Waveguide Circuit Theory [32] - [34] .
Numerical Results
In order to compare the three anisotropy reduction strategies presented in the previous section, two waveguide devices were designed: a broadening S curve, and a 90 bend waveguide. In the S curve a Gaussian beam with wavelength 1550 nm is excited on bottom side of the device and it is guided towards the top side with a horizontal displacement of 3 m to the right and 50% waist broadening. In the 90 bend structure, the Gaussian beam leaves the device at the right after an equivalent bend with a 7 m radius. Both example waveguides have a 0.8 m-core with refractive index of 2.0 surrounded on both sides by cladding layers with 0.8 m and refractive index of 1.6. The outside is considered vacuum.
One possible starting coordinate transformation for the S curve is given by [17] x
with x and y in micrometers. The non-transformed medium is defined in region À1:2 m x 1:2 m and 0 y 10 m, as represented in Fig. 1(a) . The beam is excited in the input position at y ¼ 0 and the output is measured at y ¼ 10 m. According to (5) and (6), b is chosen such that the perturbation functions P x and P y do not interfere with the device functionality, determined in this case by the transformation at the input and output boundaries. Thus, it was chosen of bðx ; y Þ ¼ sinðy =10Þ. The transformation with no perturbations is illustrated in Fig. 1(b) , where the constant x and constant y curves on the x 0 y 0 -plane are plotted. Fig. 1(c) represents the optimized transformed medium with LSM.
As indicated earlier, the perturbation functions form depends on the anisotropy minimization strategy. In the case of polynomial inversion and the LSM, polynomial series in x and y were used:
A ij x i y j (12)
For the trigonometric inversion, we use where k x ¼ 2ðx max À x min Þ À1 , and k y ¼ 2ðy max À y min Þ À1 .
The three strategies were evaluated for different degrees of freedom in the perturbation functions. The sampling set was chosen according to the strategy: For both inversions, the set used was a p Â q regular grid of points over the original domain; for the LSM, we used the adaptive algorithm detailed in [17] , where the iterative sampling set choice is tuned to minimize the ratio between maximum and average anisotropies.
The interpolated anisotropy was evaluated in a much finer grid composed of 240 Â 1000 points, aiming at a proper evaluation of the maximal anisotropy. The results are displayed in Tables 1-3 with the values for p, q, and the degrees of freedom (DoF) considered. The first line in all tables represents the original (unperturbed) transformation and it is the same among all strategies. Fig. 2(a) compares the maximum anisotropy for all investigated strategies. It is clear that only the LSM is able to bring the residual anisotropy as close to zero as desired. The strategies using trigonometric and polynomial inversion are less effective and may even increase the maximum anisotropy above the original transformation when degrees of freedom of P x and P y increase past a certain optimal value due to high frequency oscillations in the interpolations. Nevertheless, the use of trigonometric functions gives much better results than polynomials and it is useful in this case if a maximum anisotropy on the order of 1% is acceptable, since it requires a much simpler implementation than the LSM. It is important to note that the choice of sampling points impacts the final transformation for the inversion strategies, but the same general conclusions hold. We also show the effect of the anisotropy reduction in the refractive index contrast (maximal to minimal index ratio) of the resulting medium for the LSM case in Fig. 2(b) . This curve shows that the minimization of the residual anisotropy comes at the price of an increased index contrast requirement, which can also be an issue in the fabrication of these devices, although not as problematic as the anisotropy. Other works, such as [10] , [11] , [17] , and [18] , also resulted in increased refractive index contrast when anisotropy is reduced. We point out that neither the inversions nor the LSM strategies are able to not constraint the refractive index (or more precisely the index contrast) beforehand to predefined limits.
Both the original transformation and the LSM-optimized structure were simulated with 36 degrees of freedomVdisplayed in Fig. 1(b) and (c)Vusing the Finite Element Method in COMSOL Multiphysics to evaluate the wave propagation in the respective waveguides. In the simulation, the device media was considered isotropic, and therefore, any residual anisotropy from the transformations would result in deviations from the ideal wave propagation. The isotropic TABLE 3 Least squares method results: maximum and mean anisotropy and maximum and minimum refractive index approximation is carried out by assuming a conformal transformation, for which the refractive index n 0 can be calculated by [10] 
where n is the refractive index of the original media. These results are presented in Fig. 3 , where the improvement in performance brought about by the anisotropy minimization is clear from both the electric field distributions and their crosssection at the outputs of the devices. There is no appreciable deviation from the initial Gaussian shape in the LSM case (apart of course from the intended 50% waist broadening).
In the case of the 90 bend, the original transformation is given by
and the results for maximum anisotropy for all three strategies are compiled in Table 4 . From the curves presented in Fig. 4 (a) the difference in effectiveness of the LSM compared to the inversions is even more accentuated. Similar conclusions to the ones obtained from the S curve design can be drawn for this structure as well. While both inversion methods suffer from interpolation oscillations, the choice of trigonometric functions leads to a little less severe effects. Once again the relation between the required refractive index contrast and the residual maximum anisotropy in the optimized media reflects the compromise that must be achieved according to specific fabrication capabilities and acceptable propagation deviations. It is also clear comparing these to the previous results that the exact values of index contrast strongly depend on the original transformation and must be evaluated for each new design.
The Fig. 5 show the numerical simulation results for the 90 bend. These results lead to similar conclusions to those drawn from the S curve in Fig. 3 .
In both waveguides the ignored residual anisotropy leads to scattering with different patterns for different polarizations, with transmissions never greater than À1.5 dB. On the other hand, for both waveguides with reduced anisotropy, the insertion losses in simulation are negligible for any polarization, since the electromagnetic field distributions are almost perfectly preserved. These results confirm the anisotropy reduction effectiveness in the waveguide performance.
Conclusion
This work presented a comparison between strategies for minimization of residual anisotropy in quasi-conformal mappings for transformation optics designs. We showed that the LSM has a clear advantage over the faster inversion methods with polynomial and trigonometric basis functions. Nevertheless, due to simplicity, there are cases where the inversion with trigonometric functions might result in an acceptable solution as long as the high-frequency oscillations in the final interpolation are avoided. Two design examples were used to validate and compare the techniques presented over a wide range of conditions. We have also shown how the minimization of the residual anisotropy generally leads to higher requirements of refractive index contrast, a compromise that has to be taken into account considering the fabrication capabilities available. 
